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Abstract

Sound waves in deformable tubes containing a compressible polymeric liquid are investigated. The
central part of the tube is occupied by a coaxial elastic rod. A dispersion equation is derived for this system
which accounts for viscoelastic effects in the fluid and elastic deformations of the tube and the rod. The
equation is valid in the low frequency range where the sound wavelength is greater than the tube radius. Its
analysis has shown that rheological properties of the liquid essentially influence the speed and attenuation
of sound in the waveguide. This influence depends on the gap width and elastic properties of both the tube
wall and the internal rod.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Propagation of acoustic waves in liquid or gas filled tubes has been thoroughly investigated
since the classic Kirchhoff study [1]. The solution of the problem, in terms of non-dimensional
parameters, was obtained and studied by Tijdeman [2]. His results for air-filled tubes were
extended in Ref. [3] for a wider range of dimensionless parameter variation. One important
feature of sound attenuation in tubes is its frequency dependence. Numerical analysis of the
attenuation coefficient has been done in Refs. [3,4]; in Ref. [5] it was shown that friction losses at
pressure wave propagation in a liquid-filled tube are highly dependent on the initial signal form
or, in other words, on its frequency spectrum. The speed of pressure waves is also frequency-
dependent due to the inertia of the tube wall and viscosity of the liquid [6,7]. Experimental data on
sound dispersion and attenuation in water-filled tubes were reported in Ref. [8]. A general
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overview of different models of tube acoustics, including acousto-elastic interactions, can be
found in Ref. [9].
The mathematical model of the process becomes much more complex in the case where the fluid

is non-Newtonian. It occurs, for instance, for polymeric solutions and melts having a ramified
molecular structure. Such a fluid is characterized by a spectrum of relaxation times associated
with different structure elements, and its hereditary properties can highly influence the dynamic
behaviour of the system. The features of viscoelasticity at sound wave propagation in a thin-
walled tube containing polymeric solution were investigated in Refs. [10,11]. This analysis was
generalized later in Ref. [12] for the case where the central part of the tube is occupied by a rigid
rod which represents an additional source of dissipation in view of the non-slip boundary
condition on its surface. It was shown particularly that the presence of an internal rod can
additionally illuminate non-Newtonian properties of the liquid in the region of viscoelastic
transition.
The current paper is devoted to the theoretical analysis of a more general and realistic case

where the rod is elastic. The analysis is aimed at describing the dispersion and attenuation of
acoustic waves in the system while taking into account both the external shell and internal rod
deformations and hereditary properties of the polymeric liquid.

2. Formulation of the problem

The acoustics of the system is studied below in a conjugated quasi-one-dimensional
formulation. The wall of the tube is considered as a thin elastic cylindrical shell; a polymeric
solution, filling the gap, is treated as a hereditary compressible liquid; the central circular rod is
supposed to be pure elastic. Dynamic equations for each region are formulated separately; they
are coupled through appropriate boundary conditions. The basic assumption of the model
developed here is R15l5L; where l is the wavelength.

2.1. Dynamic problem for a thin-walled tube

Axisymmetric dynamics of a thin-walled cylindrical circular shell can be described by
Kirchhoff–Love equations [13] which, in terms of displacements, have the form:
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In Eqs. (1) and (2) x; r are the co-ordinates of the cylindrical co-ordinate system with the origin
on the tube axis and Dp is the contact pressure equal to normal stress in the liquid at the pipe wall.
It is supposed that the assumption e1 ¼ h=R151 is valid here.
The dimensionless variables are:

fu1; u2; x; zg ¼ R�1
1 fur; ux; r; xg; pc ¼ Dp=p0; %Es ¼ Es=p0; ð3Þ
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where p0 is the equilibrium pressure within the tube. The solution of Eqs. (1) and (2) for
longitudinal waves is sought in the form

fu1; u2; pcg ¼ f #u1; #u2; #pcgexp½iðot� kzÞ	;

o ¼ Ot0; t ¼ t=t0; t0 ¼ R1ðrs=p0Þ
1=2: ð4Þ

Here O is the frequency and k is the dimensionless wave number. It leads to the following
equations for the complex amplitudes:

insk #u1 þ ðk2 � %E �1
s o2ð1� n2s ÞÞ #u2 ¼ 0; ð5Þ

1þ 1
3
e21k

4 � %E �1
s ð1� n2s Þo

2
� �

#u1 � ikns #u2 � ½ð1� n2s Þ=ð2e1 %EsÞ	 #pc ¼ 0: ð6Þ

The contact pressure amplitude #pc in Eq. (6) must be found from boundary conditions,
formulated at the liquid–shell interface for r ¼ R1 � hER1: They have the form

vr ¼
@ur

@t
; vx ¼

@ux

@t
; Dp ¼ Dpf � trr; Dpf ¼ pf � p0: ð7Þ

In Eqs. (7) trr is the normal component of deviatoric stress in the liquid at the interface.

2.2. Dynamic problem for an elastic rod

Dynamic equations for a central elastic cylinder of the radius R2 in the axisymmetric case [14]
have the form:
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where rr is the density of the rod’s material, and wr; wx are radial and longitudinal displacements
in the rod, respectively. The Lame constants lr and mr are coupled with Young’s and the Poisson
modules of the rod’s material Er; nr by the relations

mr ¼
Er

2ð1þ nrÞ
; lr ¼

2mrnr

1� 2nr

: ð10Þ

The normal component of the stress tensor srr in the rod is expressed by the formula

srr ¼ lr
@wr

@r
þ

wr

r
þ
@wx

@x

� �
þ 2mr

@wr

@r
: ð11Þ

It is supposed below that @wr=@rb@wx=@x; @2wr=@r2b@2wr=@x2; @2wr=@r2b@2wx=@x@r (long-
wave approximation [6,11]). This allows simplification of the constitutive relation (11) and
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dynamic equations for the rod. As a result Eqs. (8) and (11) give:
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Eqs. (12) and (13) are rewritten in terms of dimensionless variables, using relations

%srr ¼ p�1
0 srr; w1 ¼ R�1

1 wr: ð14Þ

The solution for w1 is sought in the form

w1 ¼ #w1 exp½iðot� kBÞ	: ð15Þ

The Bessel equation for the complex amplitude #w1 is:
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where b ¼ o½k1ð%lr þ 2 %mrÞ	�1=2; f%lr; %mrg ¼ p�1
0 flr; mrg; k1 ¼ rs=rr:

Its solution, bounded at x-0; is expressed in terms of the Bessel function of the first kind and
first order J1 [15]

#w1 ¼ A1J1ðbxÞ: ð17Þ

Here A1 is arbitrary constant. The boundary conditions in the rod on its surface ðr ¼ R2Þ have the
form

vx ¼
@wx

@t
; vr ¼

@wr

@t
; srr ¼ trr � Dpf ; ð18Þ

2.3. Dynamic problem for polymeric liquid within the gap

It is supposed that the liquid is originally at rest, the tube wall is only slightly deformable,
vr5vx and R1 can be used instead of the internal radius of the shell. These assumptions allow the
linearized equations of momentum and mass balance for the liquid to be written in the form
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The deviatoric stresses and pressure in the liquid are defined according to linear hereditary
model [16,17]:

tij ¼ 2

Z t

�N

Gðt � t1Þsijðt1Þdt1 þ 2Zssij ; Dpf ¼ c2f Drf ; Drf ¼ rf � rf 0;

sij ¼ eij �
1

3
ð= 
 vÞI : ð21Þ
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The volume viscoelasticity of the liquid is neglected here because it has only a minor effect on the
sound propagation in the system under consideration [18]. Eq. (19) can be simplified in view of
the following estimates: @2vx=@x2Bv0=L2; ð1=rÞ @vx=@rBv0=d

2L2; @2vx=@r2Bv0=d
2L2; where v0 is

the scale of flow velocity in the wave and d ¼ R1=L51: Therefore, it is possible to neglect by
@2vx=@x2 in Eq. (19) with respect to other derivatives. The additional suggestion is concerned with
the cross effect of shear and volume viscoelasticity of liquid in the momentum balance equation
that is small [10,18] and can also be neglected. As a result, it follows from (19):
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The relative velocity Vx of the liquid with respect to the pipe wall, Vx ¼ vx � ’ux; the mean flow
rate V ; pressure P and density r of the fluid are introduced as

V ¼
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Then after averaging Eqs. (20)–(22) along the cross-section of the gap:
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P ¼ p0 þ c2f ðr� rf 0Þ: ð26Þ

Eqs. (24) and (25) took account of the fact that ’ux5V and @vr=@x5@vx=@r: The last non-equality
permits the shear component of the rate deformation tensor in the liquid to be defined as
sxrE1

2
@Vx=@r:

Eqs. (24)–(26) are rewritten in terms of dimensionless variables:
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The solution is sought in the form
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g ¼ f #P; #V; #r; #t1; #t2gexp½iðot� kzÞ	;
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which leads to the following equations for complex amplitudes:
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ð#t1 � e2 #t2Þ; k ¼
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; ð28Þ

io #rþ
2io
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ð #u1 � e2 #w1Þ � ik #V ¼ 0; ð29Þ
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#P ¼ k�1
%c
2
f #r: ð30Þ

To close the hydrodynamic problem for the liquid, it is necessary to find transient frictions at the
pipe wall and the rod surface in terms of the average flow velocity.

2.4. Transient friction at liquid–solid interfaces

Sound attenuation in the liquid-filled tube is governed mainly by shear stress dynamics [19].
This allows the compressibility of the liquid in evaluations of transient frictions at liquid–solid
interfaces to be disregarded. A similar approach was used also in Ref. [20] for the modelling of
sound attenuation in a capillary porous media. Note that several approximate relations for %tw

were obtained earlier in Refs. [5,6,21,22]. For example, in Ref. [6] the transient friction at the tube
wall was evaluated by suggesting that the wall is flat, which corresponds to a limiting case of a thin
viscous boundary layer. The solution, obtained below, is free of this limitation, which is especially
important for polymeric liquids that possess frequency-dependent viscosity.
Eq. (22), written in terms of non-dimensional relative velocity, has the form
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@ðD %pf Þ
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� .u2; %Zs ¼ Zs=ðp0t0Þ; %G ¼ G=p0: ð31Þ

Here all unknowns are proportional to eiðot�kzÞ: It follows from (31) for the complex amplitudes
#Vx; #K of %Vx; %K that
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dx2
þ
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d #Vx
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þ m2 #Vx ¼ �
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d%y; %y ¼ y=t0; m ¼ iðio=k%ZÞ1=2: ð32Þ

Here G� is the non-dimensional complex dynamic module of the liquid, and %Fð%yÞ is the non-
dimensional spectrum of relaxation times %y; which is introduced according to the relation:

%Gðt� %t1Þ ¼
Z

N

0

%Fð%yÞe�ðt�%t1Þ=%y d%y: ð33Þ

The solution of Eq. (32) has the form

#Vx ¼
#K

io
þ AJ0ðmxÞ þ BY0ðmxÞ; ð34Þ

where J0 and Y0 are Bessel functions of first and second kinds of the zero order. The arbitrary
constants A and B are to be found from boundary conditions following Eqs. (7) and (18). Within
the long-wave approach adopted the boundary conditions can be written in the approximate form

#Vxjx¼1E0; #Vxjx¼e2E0: ð35Þ
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Note that numerical simulations [12], which took into account the influence of translational
displacements of the shell in the wave on the value of the friction force at the interface, have
shown that this influence is minor and can be considered negligible.
It follows from (34) and (35) that:

A ¼ �
#K

io
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Y0ðmÞ
Y0ðme2Þ

� 	
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9=
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Relations (34) and (36) at e2-0 give

#Vx ¼
#K

io
1�

J0ðmxÞ
J0ðmÞ

� �
; ð37Þ

that coincides with a similar solution [10] for a liquid-filled tube without the internal rod.
The aim here is to express the shear stresses at the interfaces in terms of the averaged liquid

velocity in the wave V : In order to do this, a velocity gradient is sought at the tube wall and on the
rod surface. It follows from (34) that:

d #Vx

dx

� �
x¼1

¼ �m½AJ1ðmÞ þ BY1ðmÞ	;

d #Vx
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� �
x¼e2
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The amplitude of the averaged velocity #V can now be evaluated according to (23). It results in

#V ¼
#K
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þ

2

mð1� e22Þ
fA½J1ðmÞ � e2J1ðme2Þ	 þ B½Y1ðmÞ � e2Y1ðme2Þ	g: ð39Þ

Comparing (39) and (38), it is easy to find that:
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�

2
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d #Vx
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x¼1

�e2
d #Vx
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� �
x¼e2

( )
: ð40Þ

On the other hand, with the use of the approximate relation sxrE1
2
@vx=@r; the rheological

equation for shear stresses can be written in the form

txr ¼
Z t

�N

Gðt � t1Þ
@Vx

@r
dt1 þ Zs

@Vx

@r
: ð41Þ

The expression for the dimensionless complex amplitude #txr; following from Eq. (41), has the
form

#txr ¼
1

io
½G� þ io%Zs	

d #Vx

dx
: ð42Þ

The combination of (40) and (42) leads to the relation:

2

1� e22
ð#t1 � e2 #t2Þ ¼ m%Z

#K

io
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� �
: ð43Þ
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Eq. (43) has clear physical meaning: it represents the integral form of a momentum balance
equation for the liquid in the gap. The ‘‘driving force’’ #K in Eq. (43) can be expressed in terms of #V
from Eq. (39):

#K

io
¼ 1�

2

mð1� e22Þ
½ %AJ1ðmÞ þ %BY1ðmÞ � e2ð %AJ1ðme2Þ þ %BY1ðme2ÞÞ	

� 	�1

#V;

f %A; %Bg ¼ ½�ðioÞ�1 #K	 fA;Bg: ð44Þ

With this formula relation (43) takes the final form

#t1 � e2#t2 ¼ �4%ZD #V;

D ¼ �
1

4

mTðm; e2Þ

1� 2m�1ð1� e22Þ
�1Tðme2Þ

;

Tðm; e2Þ ¼ %A½J1ðmÞ � e2J1ðme2Þ	 þ %B½Y1ðmÞ � e2Y1ðme2Þ	: ð45Þ

3. Dispersion equation

The boundary conditions for normal stresses at the interfaces contain the deviatoric stress
component trr: Similar to [5,6], it can be defined approximately as follows:

trrjR1
EtrrjR2

¼ tR �
1

pR2
1ð1� e22Þ

Z R1

R2

trr 
 2pr dr: ð46Þ

In the same manner, the averaged pressure disturbance in the gap is used for Dpf (note that the
characteristic time of pressure levelling across the gap is much less than the characteristic time of
the wave propagation). It allows the boundary conditions for normal stresses to be written in the
form

#srr ¼ � #pc ¼ #tR � #P; ð47Þ

where #srr; #tR are non-dimensional complex amplitudes of srr; tR: It follows from (46) together with
rheological Eq. (21), mass balance Eq. (20) and kinematic conditions (27) for radial velocities

%vR1
; %vR2

in the liquid at the interfaces that:

#tR ¼
2k%Z
3%c2f

io #P þ
2io%Z

ð1� e2Þ
ð #u1 � #w1RÞ; ð48Þ

where #w1R ¼ #w1jx¼e2 : As a result the boundary condition (47) takes the form

#pc ¼ 1�
2iok%Z
3%c2f

 !
#P �

2io%Z
1� e2

ð #u1 � #w1RÞ ¼ � #srrR; #srrR ¼ #srrjx¼e2 : ð49Þ

The dispersion equation follows from the full system of equations for complex amplitudes and
boundary conditions, formulated above. After some routine algebra it is possible to bring it to the
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following form:

az2 � bz þ d ¼ 0; z ¼ %c�2; %c ¼ o=k; ð50Þ
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2 J1ðbe2Þm� %lre�1

2 J1ðbe2Þ:

Eq. (50) took into account that in the long-wave region the following relations hold:

1� 2
3
iok%Z%c�2

f E1; 1þ 1
3
e21k

4 � %E �1
s o2ð1� n2s ÞE1� %E �1

s o2ð1� n2s Þ:

Eq. (50) takes on the form of dispersion equation [12], which was derived for the case of the rigid
central rod, when Er-N:
Eq. (50) leads to known results in the limiting case o-0 for ideal liquid in the gap ð%Z ¼ 0Þ: In

this limit Eq. (16) takes the quasi-static form

@2 #w1

@x2
þ
1

x
@ #w1

@x
�

1

x2
#w1 ¼ 0 ð51Þ

and its solution, bounded at x ¼ 0; is

%w1 ¼ C1x: ð52Þ

As a result, the dispersion Eq. (50) can be written as follows:

1

%c2
¼

1

%c2f
þ

1

%c2r
; %c

2
r ¼

kð1� e22Þe1 %Es

1þ e22e1 %Esð%lr þ %mrÞ
�1
: ð53Þ

This formula can be considered as a generalization of the Korteweg relation [23] for the water
hammer speed cK in a water-filled thin-walled tube without an internal rod ðe2 ¼ 0Þ:

1

%c2K
¼

1

%c2f
þ

1

ke1 %Es

: ð54Þ

It follows from (53) that the presence of the rod lowers the sound speed %c; i.e. the greater the value
of e2; the smaller the sound speed. For the deformable rod %c is smaller than for a rigid one. Note
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that deformations of the rod in the wave influence the low frequency velocity only through the
ratio of elastic constants, namely, %Esð%lr þ %mrÞ

�1:

4. Analysis of dispersion equation

Dispersion Eq. (50) was studied numerically for a discrete spectrum model with relaxation
times, distributed according to the Spriggs law [24] yk ¼ y1=ka1 : In this case the complex dynamic
module G� has the form [17]

G� ¼ io
%Zp � %Zs

zða1Þ

XN
k¼1

ka1 � io%y1
k2a1 þ ðo%y1Þ

2
; ð55Þ

where zða1Þ is the Riemann zeta function of the spectral distribution parameter a1 and %y1 is the
main non-dimensional relaxation time of the liquid. To dilute polymeric solutions, the value of %y1
can be estimated from the Rouse theory [16] combined with semi-empirical Martin relation [25]
Zp=Zs ¼ 1þ *cp expðkM *cpÞ:

%y1 ¼ 0:608%ZsA expðkM *cpÞ;

A ¼ ½Z	Mp0=RG; *cp ¼ cp½Z	; ½Z	 ¼ lim
cp-0

Zp � Zs

cpZs

: ð56Þ

Here ½Z	 is characteristic viscosity of the solution which can be found from Mark–Houwink
relation [25].

½Z	 ¼ KMa; ð57Þ

where K and a are constants for a given polymer-solvent pair in a certain range of molecular mass
variations.
In Figs. 1–4, the non-dimensional sound speed C ¼ o=Refkg and attenuation of sound w ¼

�Imfkg; as computed from Eq. (50) taking Eqs. (55) and (56) into account, are plotted versus
dimensionless frequency o and relative rod radius e2: All curves in the Figs. 1 and 2 correspond to
polymeric solution in a highly viscous solvent with Zs ¼ 0:1 Pa s; Zp ¼ 3:79 Pa s; *cp ¼ 5;
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Fig. 1. Sound dispersion in the system for different gap width. Curves 1–3 correspond to e2 ¼ 0:1; 0.4 and 0.7,

respectively.
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Fig. 2. Attenuation of sound versus frequency for different gap width. Curves 1–3 correspond to the same variants as in

Fig. 1.

Fig. 3. Sound speed in the system versus relative rod radius, o ¼ 1:

Fig. 4. Attenuation of sound versus relative rod radius, o ¼ 1:
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A ¼ 200; kM ¼ 0:4; rf 0 ¼ 1000 kg=m3; y1 ¼ 0:89 10�3 s (the parameter values were estimated
for usually considered range of their variations for high polymer solutions in organic solvents
[25,26]). Curves 1 and 10 in Figs. 3 and 4 correspond to the same liquid, whereas curves 2 and 20

were calculated for a 2.5% solution of polysterene in toluene (a low-viscous solvent) with rf 0 ¼
850 kg=m3; Zp ¼ 0:5 Pa s; Zs ¼ 0:5 10�3 Pa s; y1 ¼ 10�2 s [18]. Data represented by curves
1–3 in Figs. 1–4 were obtained for the shell and rod, both made from aluminum; the curves
10; 20; 30 correspond to the aluminum shell and polyurethane rod ðrr ¼ 1:2 103 kg=m3; Er ¼
107 N=m2; nr ¼ 0:49 [27]). The dashed and dotted lines in Figs. 3 and 4 correspond to
an aluminum made shell and rod; they were calculated for pure viscous liquids with a solu-
tion viscosity ðZ ¼ Zp ¼ 3:79 Pa s for the dashed lines and Z ¼ Zp ¼ 0:5 Pa s for the dotted
lines, respectively). All simulations were performed for R1 ¼ 10�2 m; e1 ¼ 0:05; cf ¼
1500 m=s; a1 ¼ 2; Es ¼ 7 1010 N=m2; ns ¼ 0:34; rs ¼ 2:7 103 kg=m3; p0 ¼ 105 Pa:
The results of simulations show that the system under consideration is characterized by strong

sound dispersion. When o-0 also %Z-%Zp and C-0: This is explained by the transition from an
inertial to a creeping flow regime of the liquid. Solution (45) in this frequency region has the same
form as the relation for a difference between shear stresses in a steady laminar flow of pure viscous
liquid in a cylindrical gap [28]. Viscoelasticity of the liquid manifests itself in the frequency
interval, close to %oB%y�1

1 ; where it causes the increase in sound speed and attenuation reduction
(Figs. 3 and 4). Note that curve 1 in Fig. 4 corresponds to liquid with much less relaxation time
than curve 2. It explains why the dashed line and solid line 1 in this Figure are very close (for
curve 1, the inverse relaxation time is %y�1

1 51).
Sound speed decreases with gap narrowing, whereas attenuation grows. The larger the value of

e2; the greater the difference between results, corresponding to hereditary and pure viscous models
for the liquid (solid curve 2 and dotted line in Fig. 3). For very narrow gaps, this effect vanishes as
a result of the closeness of the C values to zero.
Elastic properties of the rod highly influence both dispersion and attenuation of sound waves. It

follows from Fig. 1 that this influence is enhanced with the gap narrowing. The basic result here
has clear physical meaning that the smaller the elastic modulus of the rod material, the smaller the
corresponding sound speed. As is seen from Fig. 2, lowering the rod’s elasticity modulus is
accompanied also by an increase in the wave attenuation.
The theoretical analysis presented in this paper shows, in particular, that the central rod serves

to illustrate the viscoelasticity effects on sound propagation in the waveguide. It can find
application, for instance, in the rheological characterization of polymeric liquids by acoustic
means [29]. To apply this technique, it is necessary to understand the effect of liquid rheology and
the waveguide parameters on the dispersion properties of the longitudinal wave propagation in
the system, and the model developed above contributes to such understanding.

5. Conclusions

The model of sound wave propagation in deformable tubes with polymeric liquids and elastic
central rods has been developed in this study. The derived dispersion equation accounts for
elasticity of the pipe wall and internal rod, compressibility of the liquid and its hereditary
properties. The problem is solved in a quasi one-dimensional approximation for the low frequency
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range where the long-wave approach can be used. In the partial case of ideal liquid in the absence
of an internal rod, the dispersion equation coincides with the Korteweg relation for water hammer
speed.
Numerical analysis has shown that the width of the gap between the pipe wall and the rod

highly influences both the sound speed and its attenuation. The narrowing of the gap enhances the
effects of the viscoelastic properties of the liquid, leading to sound speed growth and attenuation
reduction. This effect vanishes when e2-1: Elastic properties of the rod can be disregarded only
for small values of e2; otherwise they influence essentially the wave propagation. The growth of
the rod elastic module leads to an increase of the sound speed and a weakening of the attenuation.
The effect is enhanced with the gap narrowing.

Appendix A. Nomenclature

ux; ur displacement of the shell middle surface in longitudinal and transverse directions
vx; vr liquid velocity components in longitudinal and transverse directions
%V non-dimensional average relative velocity of the liquid in longitudinal direction

Vx relative velocity of the liquid with respect to the pipe wall
R1 radius of the shell middle surface
R2 radius of the rod
L pipe length
l wavelength
p pressure
Dp contact pressure
eij rate deformation tensor in liquid
sij deviator of the tensor eij

Gðt � t1Þ relaxation function for the liquid
FðyÞ spectrum of relaxation times y
t time
t0 characteristic time, R1ðrs=p0Þ

1=2

h half of the shell width
E Young’s modulus
C dimensionless speed of sound waves
RG universal gas constant
cf sound speed in the liquid
cK Korteweg speed of water hammer
kM Martin constant
cp polymer concentration in solution
M molecular mass of the polymer
k non-dimensional wave number

Greek letters
n Poisson ratio
e1 relative width of the shell, h=R1
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e2 relative radius of the rod, R2=R1

lr; mr Lame constants of the rod
k relative density of the tube material, rs=rf 0

r density
Zs solvent viscosity
Zp Newtonian viscosity of polymeric solution
½Z	 characteristic viscosity of polymeric solution
o non-dimensional frequency
x dimensionless radial co-ordinate, r=R1

z dimensionless axial co-ordinate, x=R1

t non-dimensional time, t=t0
tij deviatoric stress tensor in liquid
= divergence

Subscripts

0 equilibrium state
s shell
f fluid
r rod

Superscripts

- non-dimensional quantity
4 complex amplitude of perturbations in the wave
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